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ABSTRACT: A generalization of the Kontsevich Airy-model allows one to compute the
intersection numbers of the moduli space of p-spin curves. These models are deduced from
averages of characteristic polynomials over Gaussian ensembles of random matrices in an
external matrix source. After use of a duality, and of an appropriate tuning of the source,
we obtain in a double scaling limit these intersection numbers as polynomials in p. One can
then take the limit p — —1 which yields a matrix model for orbifold Euler characteristics.
The generalization to a time-dependent matrix model, which is equivalent to a two-matrix
model, may be treated along the same lines; it also yields a logarithmic potential with

additional vertices for general p.
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1 Introduction

Many topological invariants have been computed from matrix models of moduli spaces. The
well-known Kontsevich’s Airy matrix model [1] gives the intersection numbers of the moduli
spaces of curves, which was also studied by the double scaling limit of one matrix model [2].
The Euler characteristics of orbifolds have been computed from the Penner model [3]. The
intersection numbers for the p-spin curves are obtained from the generalized Kontsevich
model [4]. These matrix models all provide explicit results for the intersection numbers.
In this article, we discuss the above models, which lead to three kinds of matrix
models, in a unified way. Our formulation starts from simple Gaussian matrix models
with an external matrix source. In recent articles we have already considered the average
characteristic polynomials in these Gaussian ensembles, and derived, through a duality
relation and the replica method, the intersection numbers of p-spin curves [5-7]. This
duality relates the average of the product of k characteristic polynomials for N x N random
matrices M, to the average of the product of N characteristic polynomials over k X k
Gaussian random matrices B. In the large N limit, the matrix model for B reduces to the
higher Airy matrix [6, 7] for the intersection numbers of spin curves studied by Witten [4, 8].
This duality allows one to compute the intersection numbers for the spin moduli spaces
with n-marked points and genus g, from an n-point correlation function U(sy,...,s,) of



Gaussian random matrices in a scaling limit near critical edges [9, 10]. The basic steps are
recalled in section 2.

In this article we first compute explicitly the intersection numbers of moduli space of
p-spin curves with one marked point, for arbitrary values of p, as polynomials in p. We have
obtained earlier the intersection numbers for p=2,3 and 4 explicitly, but we discuss here
arbitrary p. This allows us to consider continuations in p; in particular the limit p — —1
exhibits an interesting relation between the intersection numbers, (7-class) and the orbifold
Euler characteristics x(Mg,1) = ((1—2g) (¢(z) is Riemann zeta function) [3, 11]. In section
3 we derive these numbers for surfaces with one marked point.

In section 4 we show that the intersection numbers with n-marked points for p-spin
curves are also obtained easily from the integral representation of U(sy,...,s,) at the
critical values tuned through an appropriate external source. We evaluate the case of two
marked points for genus one (g=1) and any p. The generating function U is given for
three and four marked points in appendices A and B. Our results through this generating
function U are consistent with the previous recursive results of Virasoro equations. We find
that the ring structure of the primary fields, for genus zero, is deduced from these n-point
correlation functions U for arbitrary p. This shows that the random matrix theory with
external source near critical edges, has a structure of a minimal N = 2 superconformal
field theory with Lie algebra A,_;.

It has been conjectured by Witten that the free energy I’ which generates the intersec-
tion numbers of the moduli space of p-spin curves satisfies a Gelfand-Dikii hierarchy [4, 12].
We show here that the intersection numbers, computed from the integral representation of
U(s1,...,8n), do satisfy Gelfand-Dikii equations. We present in appendix C, this Gelfand-
Dikii hierarchy equations and the construction of the super potential for the primary fields.
We also note that, with respect to Witten’s conjecture, that the definition of intersection
numbers as an integral over the compactified moduli space Mg,na is similar in structure to
the integral representation of U(sy,...,Sy).

In section 5, begins a second part of the paper devoted to the time dependent Gaussian
matrix model for which we extend our previous work on duality [5-7]. The time-dependent
model, a matrix quantum mechanics of harmonic oscillators, reduces easily, for a Gaussian
distribution, to an equivalent two-matrix model. Again one may derive (section 6) a dual
model in the presence of a matrix source. We then obtain, with an appropriate tuning of
the source, the two-matrix equivalents of the Kontsevich plus Penner models for matter
with central charge ¢ = 1 for the p = 2 case. For p > 2, additional terms are present with
respect to the c=1 matrix model for tachyon correlators [14, 15].

2 Replica and duality for the one-matrix model

Let us first summarize the steps which one uses to obtain Airy and higher Airy matrix
models from the Gaussian one-matrix model in a source, followed by the computation of
the intersection numbers through the replica method [5-7].



The m-point correlation functions of the eigenvalues in the Gaussian unitary ensemble

are conveniently deduced from their Fourier transforms U(sy, ..., S;,), defined as

SlM QM . SmM

U(s1,82,...,8m) = < tre®*" tre’ --tre >

— /HdAleZM <JJtrs0n — M) > (2.1)
=1 1

where s; = it;; M is an N x N Hermitian random matrix. The bracket stands for averages

with the Gaussian probability measure
<X >u= / dMe™ M HNEMA y (£ ), (2.2)

Aisan N x N external Hermitian source matrix. We may assume that this matrix A is diag-
onal with eigenvalues a;. We consider later the external source A with (p—1) distinct eigen-
values, each of them being 1% times degenerate. This parameter p is crucial in this paper.

Let us consider first the one point case (m=1), namely U(s). The replica limit k¥ — 0
for < tro(A — M) > relies on the identity

lim — <[det()\ - M)k - 1) = trlog(\ - I — M) (2.3)
Taking a derivative with respect to A, it yields the density of states trd(A — M) as the
imaginary part of the resolvent when the imaginary part of A goes to zero. Thus U(s) is
expressed in terms of products of characteristic polynomials,

k

0
sA Y
= llli% A /d)\e < I | det(A ) >4 |)\a:)\ (2.4)

We have introduced a replica symmetry breaking by taking k distinct A\, (v = 1,..., k) [16],
in order to use the duality formula [6, 17],

< H det(A >A— < H det(a; —iB) . (2.5)
a=1

where A = diag(A1,...,\,), B is an k x k Hermitian random matrix, and Zy and Z|, are
normalization constants. The probability distribution for B in the right hand side is

<Y >p= / dBe 2B HINuBAY (b (2.6)

The simplest case consists of taking an external source multiple of the identity, namely a; =
1, j=1,...N. The effect of this source is simply to shift all the eigenvalues of M by one:
the left edge of Wigner’s semi-circle is now at the origin. In the large N limit, after exponen-
tiation, expansion of the integrand in powers of B, cancellation of the trB? terms, we obtain

Z= lim < [det(l—iB)|N >p= [ dBe's B +iNuBA-1) (2.7)
N—oo



which is Kontsevich Airy matrix-model. (We explore here a “double scaling limit”, namely
the vicinity of the origin, in which the (A, — 1) are of order N=2/3 B of order N~1/3; in
this regime NtrB' is negligible for I > 4). This Airy matrix model has an expansion in
terms of the moduli parameters t,,,

k
1 1
tm = Ot ey = O3 S (2.8)
a=1 "%
km
Z=> <H¢£m>H% (2.9)
m,km m m

where C is a normalization constant, to be determined later. When we set the k distinct
Ao to a common value A, we have t,, = C % Then, in the limit £ — 0, only single
T’s appear, since the parameter t,, is proportional to k. Thus the zero-replica limit £k — 0
yields the intersection numbers with one-marked point (one t,,):

d
U(s) :/d)\e‘w‘a[l—i— <T>t+ <1y >ty4 -] (2.10)
where < 71 >= &, < 7y >= m. As found in [5], U(s) is obtained, after approriate
normalization, as
1
U(s) = e e (2.11)

which gives the intersection number < 7, > for the moduli space of curves with one

marked point,
1

217y
where ¢ is the genus of the curve and m = 3g — 2. We have thus shown that the Fourier

< Ty >= (2.12)

transform U(s) gives the intersection numbers < 7, > of the moduli space of curves with
one marked point [5, 18].

The replica limit & — 0, where the matrix B is k x k, was studied in [6], and it
gives the intersection numbers of (2.12). Note that in the original Kontsevich model
of (2.7), the matrix size k was arbitrary, and the universal intersection numbers < 7,,, >
are independent of k.

From other tunings of the external source aj, we may obtain also the intersection
numbers of the moduli space of p-spin curves [4] with one marked point, which exhibit
“spin structures”. Indeed we may tune the ?Xternal source so that the asymptotic density
of states vanishes at an edge as p(A) ~ Ar. This will yield the exact values for p-spin
curves with genus g and one marked point. A spin index j =0,1,...,p— 1 is now needed.
From this tuning of the external source, we obtain the generalized Kontsevich model,

Z — /dBepiltI'Bp_’»ll'trBAp (213)

where B is k x k. The derivation of this partition function from the right hand side of the
duality formula (2.5) will be given in the next section. This Z has an expansion,

km,'
2= 3 <M =T 214)
m J

mvjvkm,j m,j



where
j=p—m(p+2) m—1 1

th» = (—p) 2(p+1) H (1 + ] + lp)trW (215)
=0

The normalization constant C' in (2.8) is fixed by (2.15). The intersection numbers of
moduli space of p-spin curves are defined by the integral formula of compactified the moduli
space M, ,, [8]

S

1 n;
< Ty (Ujy) - 7, (Uj,) >= GFr2p /Mg’s Cr(v) il;[l(cl(ﬁi)) (2.16)
where Uj; is an operator for the primary matter field (tachyon), related to top Chern class
Cr(v), and 7, is a gravitational operator, related to the first Chern class ¢; of the line
bundle £; at the ith-marked point. We denote 7,,(U;) by 7, ;, and j represents the spin
index (j=0,...,p-1). The indices n; and j; are related to genus g and numbers of marked
points s through

S
(p+1)(20—2+5) = S (pn + i + 1). (2.17)
i=1

This intersection theory for spin-curves [4] is known to be related to the minimal N = 2
superconformal field theory of Lie algebra A, 1 type, which is equivalent to SU(2);/U(1)
Wess-Zumino-Witten model. k is a number of levels and it is related to p by & = p—2. This
relation is derived from a super potential W for the chiral ring structures of primary fields;
we will obtain this chiral structure later by the consideration of the n-point correlation
functions U(sy,...,s,) (see appendix C).

As remarked by Witten [4], the limit p — —1 (l% — —3) corresponds to the top Chern
class without gravity decendants ¢1(L;), and this top Chern class becomes the orbifold
Euler characteristic class [3, 11].

For 3 < p, we have to consider the above spin structures for the intersection numbers.

We find the intersection number with one marked point for arbitrary genus, < 7,; > [7]

T <&1>
1
- (2.18)
(T2 T (251)
where n = (8¢ —5—j)/3and j=0forg=3m+1,j=1for g=3m (m=1,2,...).
In the replica limit, & — 0 for the matrix B, a closed expression for Uy(sy,...,sk)

for p=3 as

< Tpj >g=

is known [6] (the surfix “0” refers to zero external source in the Gaussian probability
distribution),

. R S0
llli%UO(Sl"“’sn) = ;HQsmh <27> (2.19)
where o = Y | s;, in which Up(s1,...,,) is defined by

Uop(81,- - 8n) = < tre®tB .. tresn

=) < HtrBl ﬁl—ﬁ (2.20)

l;



From (2.19), we obtain the intersection numbers of p-spin curves with one marked
point. The replica limit k& — 0 selects only the one marked point ribbon graphs on a genus
g-Riemann surface. This method gives the intersection numbers of p-spin curves with one
marked point, and the results coincide with those obtained from U(s) [6].

For two marked points, one deals with the dual quantity U(sy, s2), again at a critical
edge point. The correspondence is the same as for the one-marked point. We have

U(sy, 89) = < treMtres2 >

_ / ADadroe M52 < 15\ — M)trd(Ag — M) >

0?2
- 1 S1A1+52A2 _ k1 o ko
lilgrQn . dM\1d)qe GV < [det(A; — M)]* [det(Ag — M)]™ >
0?2
= lim [ d\idheesM T2~ < [det(1 — iB)|Y 2.21
kl,llcgﬂo 1aA2e 3)\13)\2 < [ ¢ ( ! )] ZA ( )

where A = diag(A1,..., A1, A,...,A2), A1 and A2 are degenerate k; and kg times respec-
tively. The matrix B is an (k1 + k2) X (k1 + k2) Hermitian matrix. In the limit of zero
replica, one selects the terms of order kiko in the Airy matrix model, for instance a term
like f\—%f\—%, and we obtain the two marked points contribution for the intersection numbers.
The Fourier transform U(sy, s2), with respect to A1 and Ay, gives the intersection numbers
as coefficients of the Taylor expansion in s; and ss. For the case p=2, this was checked for

arbitrary genus [5] and it does yield the known values.

For higher marked points, the argument is similar. For n marked points, one considers
the terms

ky--ky
3 < T Ty > PR ES TI SS TR (2.22)

emerging from the B-matrix integral. The Fourier transform of these quantities is given
by U(s1,52,...,8n).
Thus we have indeed a method for computing the intersection numbers of the moduli

of curves from random matrix theory, based on the expression for U(sy, ..., S,).

An exact and useful integral representation for U(sy,...,s,) is known in the presence
of an external matrix source A [19].

1
U(S1,...,8n) = N(treslM - treSe M)y

n 2 - du; S s N Sg 1
it T L st T (1 - det — (223
| 211 Ao, — U; U; — uj + 8

a=1i=1 v

We will use this formula in the following sections to obtain the intersection numbers of
p-spin curves of arbitrary genus g for n-marked points, through an appropriate tuning of
the external source aj, in a scaling large N limit.



3 The p-dependence of the intersection numbers with one marked point

The partition function Z, for the generalized Kontsevich model is given by the £ x k
Hermitian matrix B,

Zp:/dBeWter+ —trBA (31)

This model is obtained, after use of the duality, from the expectation values of characteristic
polynomials (2.5). We take here an external source A with (p — 1) distinct eigenvalues,
each of them being 1% times degenerate: A = diag(a1,...,a1,....,ap=1,....,ap—1). After
duality, the expectation values of characteristic polynomials become

p—1 p—1
1B
< Hdet —iB)r- o1 >=< exp [E trlog <1—a> + N E log (H aa>] > (3.2)

a=1 a=1

We now specify the (p — 1) distinct eigenvalues of the external source by the (p — 1)

conditions:
p—1 p—1
1 1
Za_sz_la a_mzo’ (m:3’4aap)
a @ a=1 ¢
— 1
- 20, (3.3)

Then, the expectation values of the characteristic polynomials lead to (3.1) in the double
scaling limit.

We first consider the intersection numbers with one marked point. They are related
to the coefficients of trﬁ, in the zero-replica limit £ — 0 as we have seen in the previous
section. In this limit the matrix A can be taken as multiple of the identity A = A -1. We

introduce a coupling constant g as

B — E (3.4)
g

T trBP+1— AtrB
g

1
Z, = /dBe(p+1>gP+ (3.5)

We set g5 = gPT! and tune A so that g, = 4. Then we obtain, after the shift B — 1+ B,
Zy = / dBe g, TP g u(1+B) (3.6)

Expanding for small B, we have

2 p(p 1) 3, p(p— 1)(p 2) 4.
Zp _ /dBngS trB<+4~—5—=trB°+ trB (37)

We now expand in powers of g5 after the replacement B — i %SB.

Using the replica formula (2.19) for one marked point, we obtain limy_.g % < trB* >=

1, limy_q % < (trB%)? >=3,.... Using these values for the products of vertices, we have
: P—1(gs\  (P=3)p—1(p+3)(1+2p)(3+2p)g3 5
limlogZ, = ——— [ = = +0 3.8
fimloeZ, = ot (%) + 1920 p O 6B



The coefficients of the above expansion are intersection numbers multiplied by %, ;
in (2.15), the first term for genus one, the second for genus two, etc...From (2.15), we
have t19 = —%trﬁ. Therefore, the intersection number of one marked point for genus
one becomes

-1
<T1,0 >g:1: % (3.9)

For genus two, we have t32 = (—p)23(3 +p)(3 + 2p)trﬁ, and

(p=1)(p = 3)(1+2p)

1

< 73,2 >g=2=

For g = 2 and p = 2, we have t49 = —3'25'7‘51“% and this gives < 749 >g—2= ﬁ The

expansion of (3.8) can be obtained for any higher order of genus g by the use of replica
formula of (2.19) although the evaluation becomes tedious.

We now turn to the dual model, formulated with N x N random matrices M; the
Fourier transform U(s) of the one point correlation function is given in (2.23).

We are still in the case in which the external source a, takes values p — 1 different
values of ay,as,...,a,-1 with 1% degeneracy.

We have from (2.23),

" Ns J 2in”

s2
U(S) €2 % du USeZZ;ll Tjjl log(aafufs)fzg;ll % log(aa—u) (311)
Expanding u(s) for small u and s, we have

ﬁ s2 oo
€T [ du s gt ( ) (LP_A—Vl 2 é)*ang o= Da (whs)"—u™)
—e€

U(s) = — 3.12
) =55 P 2ir (3.12)
With the conditions (3.3), we obtain, after the shift v — u — 3,
1 du _ _c [(u+ls)p+1—(u—ls)p+1]
= — R p+1 2 2 1
Uls) Ns 21’7?6 (3.13)
where ¢ = z% > ?
Expanding the exponent, we obtain
1 d
U(s) = Ns %exp[—csup]
—1 - 1)p—-2)(p—3
<exp [_c (1)(103!4 ) 32 4 PP )(2;!42 P =3) 501 ... ﬂ - (3.14)



L)l/p

This integrals yield Gamma functions after the replacement u = (CS

)

1 1 & 1 9
Uls) = —— - ——— dttr eft
() Nspr (es)V?r )
2 2 2 4 4 4
o~ Mt ek T e B8 ey T o

1 1 1\ p—1 1
~ Nsm (cs)l/p [F <1+p>_ o1 V! <1_p>

(p—1(p—3)1+2p) , 3
r(1-=
+ 5!-42.3 Y P
=51 +2p)(8p° —13p—13) 5. (5
714332 4 P
+(p—T)(p — 1)(1 + 2p)(72p* — 298p> — 17p? + 562p + 281)
— AT (1) 3.15
" ouats? < p> } (3.15)
with y = C%SQJF%.

Comparing this expansion with (3.8), we find a common p-dendence, but (3.8) has
additional factors. These additional factors should be included in the normalization. The
intersection numbers < 7, ; >, are the coefficients of (3.15), and then the two results
of (3.8) and (3.15) coincide. The expansion of U(s) is easily obtained up to arbitrary order
of genus g since U(s) is simply given by (3.13). Thus the dual model is simpler than the
the partition function of the matrix B.

The expansion of U(s) in (3.15) is genus expansion. We write this expansion as

1 1 5\ 21 - 1
Us) =D <Tuj > 3T <1 p f?) 1t (5) (3a)
g

where n and j are given by
p+1)(29—1)=pn+j+1. (3.17)

From (3.15), the intersection numbers < 7, ; > are determined explicitly for arbitrary p.
For g = 1 case, by the condition of (3.17), we obtain n =1 and j = 0, and

p—1

e (3.18)

< 71,0 >g:1:

For g = 2, we have n = 3 + %. The intersection numbers for arbitrary p become

- Dop-30+2) D(1-2)

P >o_0= . 3.19
<Tn,J>g—2 p5|423 F(l—lﬂ> ( )
p
For instance, we obtain < 732 >,—9= %#, which agrees with the result of (3.10)
evaluated from (3.8). For p = 2, we have from this formula, < 749 >4—0= m, since the

ratio of the gamma functions becomes —2.



For g = 3, we have the intersection numbers for arbitrary p with n =5 + %,

(0 —5)(p - 1)(1 + 2p)(8p> — 13p—13) L (1-3)

p

< Tnyj >g=3= (3.20)

For g = 4, we have the intersection numbers with thecondition n = 7 + %,

7
p-=7p-1)1+ 2p)(72p4 — 298]93 — 17p2 + 562p + 281) r (1 B 5)
p3-9!-44.15 F( _M).

(3.21)

< Tn,j >g:4 =

bS]

Thus the expansion of U(s) gives the intersection numbers of one marked point for
arbitrary p in the case of fixed g. We have given the explicit expressions up to order g = 4
only. Also the integral representation of U(s) in (3.13) gives the intersection numbers for

arbitrary g for fixed p. As shown before in [7], the intersection numbers for p = 2 becomes

1
< Tn,0 >g: W’ (TL = 3g - 2) (322)
For p =3,
1 T (—1'59)
< Tpi >g= — (3.23)
7T (12)9g! p (H)
3

with 3n =8g — 5 — j.

We now consider the interesting limit p — —1. We consider the spin index j as 7 =0
in this limit. From the condition of (3.17), we obtain n = 1. The intersection number of
p = —1 case is then < 719 >4, which we write simply as < 7 >, in the following. From
the previous evaluations in (3.18)—(3.21), we obtain in the limit p — —1,

crs p—1 1
- = —— — ——
T o=l T oy 12
_3
e300
9= 5142 T (1 _ ;) 120
p
<T> ! <T> L (3.24)
=3 — — o= g — ———. .
T >g=3 = ~5r5 T =T 000
These numbers are the Euler characteristics x(Mgy1) [3, 11].
By
(M) = (1~ 29) = =52 (3.25)
where ¢ is the Riemann zeta-function and By, is the Bernoulli number; By = %,34 =
1 1 1
_%5B6 — EaBS = 30 "

The logarithmic term of the Penner model follows indeed in the limit p — —1 of (3.13).
Then computing U(s) for p — —1, one obtains the Euler characteristics.

,10,



In the limit p — —1, ¢ = = A doa p+1 is N, and from (3.13), U(s) is given by

L [ du -Niog; s &
U(s) = — 20
(5) 2@7?
N
= 3.26
N / 24T ( ) ( )
Setting
u—1 1+eY
_y p— .2
wrl © (u 1—€‘y> 20
one has
1 [dy eV N ©dy e N
(s) N/Qw(l—e_y)Qe /0 ol —c v (3:28)
Noting that
1 o tnfl
—— = Z B"T (3.29)
n=0
we obtain U(s) as
1 [ 1 =B, [ 1\"
U S) = — dtie_t - — <_>
( ) N 0 1— 67% 1;0 n N
1 1 1 1 1 1
=l-cot s g T s T (3.30)

2N 12N?2 120 N* = 252 N6

Then we obtain the genus g, orbifold Euler characteristics x(Mgy1) = ((1 —2g) = —2—19ng
from the term of order 1/N29. Thus the analytic continuation for negative p holds for the
dual model.

4 The n-point correlation functions

We consider the two-point correlation function U(sy, s2) defined in (2.1). Noting that the
two terms of the determinant in (2.23) become, after the shift w; — u; — 3, s; — %,

1 1

u1—u2+ﬁ(81+32)u1—UQ—ﬁ(Sl‘i‘SQ)

1 1 N
= T — T (4.1)
ul—UQ—W(Sl-I-SQ) ul—U,Q—I—W(Sl—I—SQ) S1 + 89

we write it as

1 1 N &
T T = dre #(u1—u2)gh (i(sl +32))
U — U+ W(Sl—FSQ)ul—UQ—W(Sl—FSQ) S1+ S9 2N

(4.2)

— 11 —



We have at the same p-th critical point defined for the one point function,

2N 1 > 1
= d dujdugsh | —
U(s1, s2) S1t 52 T2 /0 x/ w1 dugs <2N:U(51 + 52)>

Xexp [—% 3 # <Z <ui+ %siyﬂ— Z <u - %SZ)W)] (4.3)

(2

We use the notation, ¢ = ), % After the change of variables u; — iv; (i=1,2), the

rescalings v; — (gcsl) 1 v;, and © — (ffi)%x, we obtain
2N’ dvldvg r
U pr—
(81, 52) 51+ S2 (52> / / )2 <2N/ f(s1+ 82)>
(i izna(3h)? H G(v;) (4.4)

i=1

Al

where we used N/ = N <pp;cl) , and [5] = & for even p and [§] = ;%1 for odd p. The
factor G(v;) is given by

[] 2
iP -1 -1 242)m o
Glo) = exp | —oi =¥ Z 2m + i)‘22)m((p ~ 27)n)!N/2m SZ( ) )

The genus ¢ of the terms in the expansion (4.5) is given by the exponent of N/Qg We

ni+oL np4 72

are interested in the terms of type s, g S5 " in (4.4). The correspondence with the

variable t, ,, ~ trW is
n m—+1
R

Pty (4.6)

Thus we obtain the intersection numbers < 7, 1, Tnym, >4 from the coefficients of the

my+l +m2_+1 1941
terms s, s, " . For instance, we have from s{s, ” in (4.4),
p—1
< T0,072,0 >g=1= —— 4.7
0,072,0 <~ g=1 24 ( )
This value coincides with < 7 >g:1— Wa and we have
< 70,072,0 >g=1=< T1,0 >g=1 (4.8)

which is consistent with the string equation. Indeed the generating function F' for the
intersection numbers satisfies the string equation [4],

oo p—2
atOO Z 77 tOmtOm’+ZZtn+1 mat (4'9)

n=1m=0

. ’
where the metric n™™ = 0,4y p—2.
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If we substitute F' = at; o (a is some constant) in the second term, then we have a?fo =

t270£—i = atg o, which yields atg ot2 o after integration. Thus we have < 19970 >=< 719 >

from the string equation (4.9).

Note that in the two point correlation (two marked points), there is no genus zero
contribution to the intersection numbers, an easy consequence of (4.4).

It is useful to define the higher Airy functions ¢,(x) by

o dv Ly tizy

dplx) = [ e 7 (4.10)

When p = 3, it reduces to the usual Airy function A;(z),

¢3(z) = Ai(x) ! /Oo dves iy (4.11)

:% .

which satisfies the differential equation,

¢3(x)" = p3(x) (4.12)
For general p, we have .
dP~

%ﬁx) = xdp(x) (4.13)

Expanding in powers of #, after integration by parts for the function ¢,(x), we obtain
all intersection numbers from (4.4) for two marked points. In the case p = 2, the function
¢p(x) is Gaussian, and we are led to

_1s1+s2 2

2N o0 v/
U(sy,89) = Y aw (S?Jrs%)/ dx sh <x2—;1(51 + 52)> e 2 =
0

N L (s14s2)3 - (_1)m 5152(51 + 52) "
= ezanz (51+52) Z ml(2m 1) < e Vsise  (4.14)

m=0

which has been obtained in [5, 18]. The intersection numbers are given by

5118
U(SI,SQ) = Z < Tn1,0Tns,0 >g ?\7—22 (415)
ni,ne
where the genus g is specified by
ny +ng = 39 — 2. (4.16)

For the p = 3 case, we have

Ulsy, 59) = 812+N’82 (\/%) /0°° dz sh (;V,s%(sl + 32)> Ai(2)As <_x (z_;)) (4.17)

which gives the intersection numbers of two-marked points. For instance, we obtain

<T00720 Zg=17 150 < 71270 >g=1= 15 (4.18)
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In general, the integral formula of (2.23) gives the n-point correlation function
U(s1,-..,8,). In appendix A, we compute the intersection numbers for three marked
points from the three point functionU(sq, $2, $3). In appendix B, the intersection numbers
with four marked points are computed from the four point correlation function.

The intersection numbers for the primary field U; of (2.16), in the genus zero case, are
particularly important, since they have algebraic structures related to a super-conformal
field theory [4, 13]. They are expressed as < [["_; 70.q,, >-

In appendix A, we compute the intersection numbers (A.8) as

< T0,4170,¢:T0,g5 > 9=0= g1 +qa-+g3.p—2 (4.19)
From this result, the free energy F' follows
F= Z < 70,41 70,42 T0,q3 = 9=0 10,q110,q2%0,45 T O(t4) (4.20)

To make the algebraic structure more explicit, we define the structure constants Cj;;, by

PF
Ciikh = ————— 4.21
IR 0t0t0t, (4.21)
where
ti=toi_1, (i=1,....,p—1) (4.22)
For instance for p=>5, we have
1 1
F= 575(2)70%,3 + to,oto,1to,2 + gtgg +0(t") (4.23)

and the structure constants are Cy14 = Cio3 = Cao990 = 1. From these structure constants,
following [4] one can construct the super potential W (see appendix C). The free energy
F', which generates the intersection numbers of the moduli space of p-spin curves, has
been conjectured by Witten to be solution of the Gelfand-Dikii hierarchy [4]. We present
in appendix C, this Gelfand-Dikii hierarchic equations as well as the construction of the
super potential for the primary fields.

Thus, we find that the intersection numbers, derived from the integral representation
of U(sy,...,sy), satisfy indeed the Gelfand-Dikii equations.

Returning to Witten’s conjecture, we note that the definition of the intersection num-
bers by the vector bundle integration over the compactified moduli space Mg,n in (2.16),
is similar in structure to the integral representation for U(sy,...,s,) of (2.23), although
U(s1,...,8,) involves a summation over all genuses g, for fixed n-marked points.

5 Time-dependent Gaussian matrix model

Let us briefly recall how one shows that the time-dependent one matrix model is equivalent
to a time-independent two-matrix model when the distributions are Gaussian. ( In an older
work we had considered the time-dependent Gaussian matrix problem, and computed time-
dependent correlation functions [20]).

— 14 —



The time-dependent Gaussian matrix model is the partition function (i.e. the Euclidean

path integral) for the matrix quantum mechanics, with action
1 .
S = /dtgtr(MQ + M?) (5.1)

where M is an N x N Hermitian matrix; (the dot stands for time derivative). This model,
at criticality, is known to describe gravity coupled to matter of central charge ¢ =1 [21].
The time-dependent correlation function is defined by

1 1
P\ i t) =< Ntré()\ — M(tl))ﬁtré(,u — M(ta)) > (5.2)
and, from time-translation invariance, is function of ¢ = |to — t1|. The Fourier transform of
this quantity is
1 4 .
U(a, B) = N2 < tre! M) greiBM(t2) - (5.3)
This correlation function may easily be reduced to the correlation function of the time-

independent two matrix model in the Gaussian ensemble [20]. Indeed this harmonic oscil-

lator quantum mechanics leads to

1 t N?/2 ) )
Ule:8) = 1 (Sirelht> / JAdBtrcioA reifBo- Fshun{(A%+B)e—2AB] (5 )

Rescaling of A,B,a and 3 by a factor v e~tsinht, we obtain a time-independent two-matrix

model )
. . 1
U(a,B) = - /dAdBtremAtrelﬁBe5tr(A2+B22CAB), (5.5)

with a coupling constant

c=¢ "

For convenience, we denote A and B by M; and Ms in the following.

6 Duality formula for the two-matrix model

We consider the correlation function of the characteristic polynomials in the two-matrix

model,
k:l k‘2
J =< [] det(Aa — M) [ ] det(ps — Ms) > (6.1)
a=1 /=1

where the average is perfomed over a two-matrix Gaussian distribution with an external

source A acting on one of the two N x N matrices,
P(M;. M) = 1 7lterfltngfcterMgfterA 2
( 1, 2) - Ee 2 2 (6 )

The external source A will be used here again mean to tune a p-spin structure in the moduli

t

space. Note that when ¢ — oo the parameter ¢ = e™" vanishes and the two matrices My

and M decouple.
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From (6.1) we shall determine a new dual model of Kontsevich type in the large N
limit. The duality formula for J is obtained by the use of Grassmann variables as in the
one matrix case [6, 16], but for the two matrix case a new structure appears.

Let us introduce the Grassmann variables 1§ and Xf , where a = 1,...,kq, and 3 =
1,...,kg. Then

J =< /dwdwdxdxef\f[wa()\aM1)¢a+X@(u@M2)X@} > (6.3)

Since the probability P is Gaussian, one can integrate out the matrices M; and Ms. This
generates four-fermion terms that may be disentangled with the help of three auxiliary
matrices: By a k1 X k1 Hermitian matrix, By a kg X ko Hermitian matrix and D a complex

k1 X ko rectangular matrix. The identities

__ N _ Db ,ﬂtBQJr iN_ 4B

e 2a-H VY _ /dBle 2 Bt g By (6.4)
N oy _N 2 iN _

o -2 XX _ /nge > B3+ trBax 65)
eToE v _ /dDdDTBNtrDTD‘LN\/ o tr(DYx+DIxy) (6.6)

allow to represent J as

J = / dB1dByd D dDe % tr(Bi+B3+2D1D)

X ﬁ det <)\a B 1222) daver + \/1i—c2 By D
i1 =D <Mﬁ + 1_—cc2@i) Opp + 7B

(6.7)

After the shift By — By +ivV1 — 02)\0[,&/(5&7&/ and By — By +1v1 — C2Mﬁ75/5ﬁ75/, we obtain
the dual expression for J:

J _ C / dBldBQdDTdDe—%tr(B%-{-B%-{-QDJrD)—’iN\/ 1—c2trB1 A1 —iNV1—c2trBs Ao
w e~ Lt triog(1-Xi) (6.8)

where the matrices X; are defined by

v (i\/l—CQ% \/0(1—02)0%)

_ V=)Dt i1-2 B,
C

c a;

(6.9)

ag

We now expand log(1 — X;) in powers of X;. Let us first consider the case of a source
matrix A mutiple of the identity: a; = a, ¢ = 1--- N. Imposing the constraint

a=(1-c? (6.10)

the quadratic term trB? cancels with the one coming from the expansion of log(l — X).
This critical constraint corresponds to the edge of the the spectrum for the matrix M.
Note that the B term is not cancelled at this critical point because of the coupling c.
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Given the factor N in the exponent, the edge scaling limit under considera-

tion corresponds to
Bl~0<N*%),BQNO(N*%>,D~0<N*%) (6.11)
in the large N limit. In this limit most terms disappear; for instance
Ntr <DT DB2> ~ N3 (6.12)
is negligible. Then, in the large N limit (6.11), we obtain the partition function Z, i.e. J
after dropping the negligible terms,

—~iNtrBiAy—iNtrByho+ i Nt B =5 (1= & e B3 +iNtr(DDT By)

Z = / dBdBydD'dDe (6.13)

Since the matrix B, matrix is decoupled we can integrate it out. Then, dropping the
decoupled part, we find the partition function

Z:/dBldDTdDeitrBlA1+étrB§+itrDDTBl (614)

where we have absorbed the powers of N given by the scaling (6.11). We may now integrate
out the matrices D and D; this yields a one matrix integral with a logarithmic potential,

Z:/dBleétrB§k2tr10gBlitrBlAl‘ (615)

The appearance of a logarithmic term is a characteristic of models with central charge
equal to one.

We now consider the free energy of this logarithmic Kontsevich model (p=2) (6.15).
Three different, but consistent, methods will be used. (For convenience ks is denoted as ¢
in what follows.)

i) HarishChandra-Itzykson-Zuber method After use of the HarishChandra-

Itzykson-Zuber formula, the partition function Z is given by

7 — /dBe%trB?’—qtrlogB—itrBA2

k1 k1

1 —iz; 2+ L3 —qlogx;
= m/Hd(EZA(,I)HG IR (616)

i=1 i=1

where the z;’s are the eigenvalues of B, the [; the eigenvalues of A, and A(x) the Vander-
monde determinant A(z) = [],_;(#; — 2;). It may be replaced in the integrand by the

Vandermonde of differential operators (%,

0 0
Z = Hﬁ <8_lf - a_lj2> HC(Zz‘) (6.17)

where

;) = / dpe v’ —iali —dlogz. (6.18)
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Rescaling x; — xi/21/3 and ; — li/21/3, and with the change [ — il, we have

_ll3 7 x
=7/ dwe™ 3 e o (L4 i7m) (6.19)
1973
Expanding for large [, we obtain
1 1 1 1 1 1 2
logZ = — | =13 + —t3 + qtat; + =¢*t “t3tg + —13 + —tits + —qte + qtit
og 61+243+QQ1+2Q 3]—1—[613—1-483—1-8154-3(164-(114
Fgtitats + ~qt + SPtits + 22 + Pats + 2gts| + O (= (6.20)
qtitats 6Q2 2(1 15 4(13 g lals 3QG 9 .
where we have used the moduli parameters
kg
ty = Zﬁ (6.21)
i=1 "1

When ¢ — 0, we recover the result of the one-matrix Kontsevich model.
For the relation to the genus g, we have to identify the powers of ﬁ In the limit

in which
ki ~q~ N, ~ N3 (6.22)
we find
t~O0 <N§> ty ~ O <N1*%") (6.23)
The genus expansion of the free energy
oo
logZ = " agN>~% (6.24)
g=0

follows from this limit. For instance, t3,qt1t2, and ¢*t3 are contributions to genus zero,
and t3 to genus one.

ii) replica method We return to the integral (6.16). After the shift B — B + A,
which eliminates the terms linear in B, one can expand for large A. Then the logarithmic
potential, trlog(B + A) expanded in powers of A~! yields trB® vertices. The situation is
similar to that of the generalized Kontsevich model where the trBP*! terms led to the
moduli space of p-th curves, and spin structures appeared. The occurence of t9,t4 and t5
indicates this fact.

We consider the moduli space for Riemann surfaces with marked points. Although
there is a logarithmic potential, the model allows one to consider marked points, whose
number is equal to the number of ¢,.

We have developed the replica method k1 — 0 in a previous article [6]. Any average
of the products of vertices trB" are obtained in the replica limit k&1 — 0, where B is a
k1 x k1 Hermitian matrix; for a Gaussian ensemble, the average is given by the replica
limit formula (2.19).
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Expanding the logarithmic term, after the shift B — B + A, and the use of the
formula (2.19), we obtain the replica limit, which gives the required intersection numbers

with one marked point. Indeed it leads easily to

1 1 2 2 1
logZ = — (= +2¢* )t Sq+=q )t — 2
og <24+2q>3+<3q+3q>6+0<A9> (6.25)
This result agrees completely with the expression (6.20) for one marked point.

iii) differential equation of Virasoro type Since the free energy logZ is expressed
in terms of the moduli parameters ¢,, as was the case in the original Kontsevich model
(q=0 case), it is natural to investigate here again the KdV-like differential equations or
string equations. Although there is a logarithmic potential one may use a Schwinger-Dyson
equation [22, 23].

We first consider the simple case, k&;y = 1, a one by one matrix, i.e. a c-number.

Denoting [y = x, one finds
1
Z=e3" —g(). (6.26)

ﬂj‘q+§

The Schwinger-Dyson (Virasoro) equation follows from the identity

8 i 3_ 2

dB— s trB°—itrBA®—qtrlogB _ 0 6.27

/ oB° (6.27)

The matrix B is the replaced by a;ig For the logarithmic potential, it means (a;ig)_l.

Therefore we need to apply a differential operator in order to get rid of this integral. We

find easily that when B is just a real number (k; = 1), the function g(z) satisfies a third
order differential equation,

3

AN 21 2q— 22| @) =0 (6.28)
wdx) T " or wtﬁ-%gﬂ3 B '

wl—=

l.e.

(—=(1+29)(5 +2¢)(9 + 2¢) + (—10 — 48¢ — 24¢*)2)g
+((66 + 96¢ + 24¢°)x + (24 + 48q)z* + 1627)g/ ()
+(—362% — 24qx* — 242°)g" + 82°¢" (x) = 0. (6.29)

This provides the large x expansion,

g(x):_1+i<i+q+£>_i<ﬁ+ﬁq+@q2+zq3+lq4>

25\ 24 2 ) 26 \11m52 2?8 "7 TR
1 /85085 6259 58057 , 2075 5 725 , 11 5 1 4 1
E<82944Jr T VR VYRR T L T e +Eq>+0<3>‘

(6.30)

For k1 = 2, a two by two matrix, we denote x = [; and y = lo; then

i3+8 2 3_5) _2+2_£&( ) =0
20z ) 20z \a? —y? \wdx  ydy 0wy ety YT

(6.31)
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The solution, after symmetrization over x and y, agrees with the expression (6.20).
When z is small, the equation (6.29) leads to a different series expansion. The differ-
ential equation for g in (6.29) has three different solutions,

g(x) ~ 2973, g(x) ~ 203, g(a) ~ 292 (6.32)

For small z, we have from the first solution, noting that [ = =z,

_153 1 1 7
Z =¢5! <1+§l3+<—ﬂq+5> 16+O(19)> (6.33)

This solution for small [ is in a different phase from Kontsevich’s phase; it may be related
to one of the two phases of the unitary matrix model [23-25].

We now consider the case p > 2. After the integration over the D-fields within the
matrix X, we also obtain the logarithmic term trlogB, but corrections appear. By tuning
the external source with the conditions (3.3), we obtain

Z = / dX e Tt XTI XAr (6.34)

B D
X = (DT 0) . (6.35)

where we have scaled out the factors V1 — ¢? in X; of (6.8), and put B = By and By = 0.
We expand the potential,

where X is given by

1 2
trXPT = trBPT 4 (p+ D)trDDTBP~! + S+ -2 <DDT) BP—3
1 3
+= P+ )= 3)(p - 4u (DDT> BP o (6.36)

For p = 3, we obtain,

[4trB4+t:DDT B2+ 1tr(DDT)’| +trBA3 _

Z = / dBdD'dDe” (6.37)

The integration of the D-field can not be done explicitly for the general values of k; and

ko (B is a ki x k; Hermitian matrix and D is a k; X ko complex matrix). We make here a
perturbation for the large B in lower orders. Expanding the term exp(—$tr(DD')?), we find

7 — /dBe-i-trBAS_itrB4_2k2trlogB—;kg (tr§>2—%k2tr§+o<$) (6 38)
For p = 4 case, the partition function Z becomes similarly
7 = /dBdDdDTe—%trB5+trDDJfB3+tr(DDT)2B+trBA4

_ /dBetrBA4—%trB5—3k2trlogB—k2tr$—k%trétr%—i—o(ﬁ). (639)
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For general p, after integration over the D-field in a perturbation, we obtain

1 +1_(p— _p=2 1 p=2p2p. 1y 1
Z:/dBetrBAP er1t1rBP (p—1)katrlogB—F5 kotr = — 55~ katr g tr 57 + (640)

In order to identify the intersection numbers, we expand in powers of % For this purpose,
we shift B — B+ A. New terms in the exponent, which are corrections to the logarithmic
term, have the form of the product of two traces. In the large A case, the fifth term is of

the form
1 1

1 1
~ =2 (tr—=B ) tr—— 4 .- 41
tr T B)Qtr AT oy <trA3 ) trAp_l + (6.41)

The term trﬁ is t,_1; such terms appear in the ¢ = 1 string theory [14, 15].

We now evaluate the intersection numbers for a small number of marked points, and
for lower orders in % In this case, we can neglect the above correction terms, and we
approximate the partition function by

Z:/dBeplelter‘H(pl)kgtrlogBthrBAp (642)

We find, at order ﬁ, up to three marked points,

oez = (51 15 ke () H(E L) (25
(P ) 5 (25) (Sxm) + (U574) S £ am

+(higher order) (6.43)

where the overall factor % is a normalization constant absorbed in A\. Thus we find the two-
matrix model for ¢ = 1, obtained from the characteristic polynomials, reduces to the one
matrix model, and the topological invariants becomes similar to the intersection numbers
of p-spin curves.

When we put p — —1, we find that the last term in (6.40) (tr%) (tr#) behaves like

(tr%) <tr$> = (tr%) (trB?) ~ (tr%) (trB?) (6.44)

where we make a shift B — A + B. In the case p — —1, when B is order of A, all the
terms of the potential should be order of one, and indeed t,,(trB™) is order of one for the
A-dependence. Therefore, the potential has a series of > t,,,(trB™). Such terms appear in
the c=1 string theory from the calculation of the tachyon correlators [14, 15].

7 Discussion

In this article, we have considered the explicit p-dependence of the intersection numbers of
moduli spaces of p-th spin curves based on one and two Gaussian matrix models.

In the one-matrix case, the limit p — —1 gives a generating function of the Euler
characteristics. In the two-matrix case, we have obtained a logarithmic matrix model
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with polynomial corrections, which is related to the generating function for the tachyon
correlators [14, 15].

The duality, on which the present analysis relies, is the relation between the characteris-
tic polynomials of two different Gaussian matrices. The characteristic polynomials are com-
puted as determinants, expressed in terms of Grassmann variables ¢, (i = 1,...,N,a =
1,... k). In the large N limit the p-th singularity is tuned through an appropriate choice
of the eigenvalues of an external source matrix A. One parameter remains, namely the
number of different Ao, @« = 1--- k. The Fourier transform with respect to the A\, yields the
correlation function U(sy,. .., s,). The symmetry between N and k becomes then implicit.
Although this duality might be related to the open/closed string duality [26-28], we have
not been able yet to reach a clear picuture in this direction.
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A Three point correlation function U(sy, sa, S3)

For the three-point correlation function U(sq, s2, s3), we address ourselves to the determi-
nant terms in (2.23) similar to the two-point case. The longest cycle in the determinant of

a 3 X 3 matrix is
det(a;j)|iongest = @12a23a31 + a13az1as2 (A1)
1

ui—uj+5(sits;)’

We consider the first cycle of (A.1), ( the second cycle is almost the same),

where a;; =

1 1 1

uy — s + 5(s14 82) us — uz + 3(s2 + 83) uz — uy + 2 (s3+ s1)

2 > 0 T
= dx dsh(—s + 859+ s )
51+52+53/0 /0 Yy 2(1 2+ 53)

% |:6—%2J3—¥y—(x+y)u1+yu2+xug + 6—%m—@y—xu1—yu2+(m+y)ug] (A2)

We express the two terms as

U(Sl, S92, 83) =yl + Ul (A3)
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1
using the notation N = N <pp;cl> . we have

1
2N’ 1\r [ &0 r 4
U= —— [ — d dysh v
AT <53> /0 x/o ys <2N/81 (51+52+53)>

1 1 1 1
+ . . >
2N’ slp xfséNfQ 32 y—ivy <x+( ) y) +Zyv2+z<%> P;):U'g,

After the shift s; — 3,

e

G(01)G(v2)G(vz) (A4

1
2N’ 1\» [ o r 1
vl = —— (= / d/ dysh ’
81—|—52+83 <83> 0 * 0 ys 2N’sl(81+82+83)

1 1 1
_ 852 P 2+S3 51\P 52\ P
SNT ST T 52 Y—iv1T— zyvg+z<<s3> x—l—(sS) y) V3

e

G(’Ul)G(UQ)G(U3) (A5)

where G(v;) is defined by (4.5). Expanding G(v;) in powers of 5, U(s1, s2, s3) is expressed
in terms of the function ¢, (z).

The intersection numbers < Ty, ym; Tna,moTns,ms > is obtained from the coefficients of

mq+1 mg+1
nl“l‘—p na+mo-+1p n3+ P
5 59 EN .
In this three point correlation function, non-trivial genus zero terms appear. From U’/

1111

n (A.5), we obtain the term s{ s} s; * in the large N’ limit. This leads to
< 70,070,070,p—2 ~>g=0= 1 (AG)
Since there is terms of (32 )Py and (2 )Pm in (A.5), these terms contribute in the large N

1+q; 1+4qo 1— 1+q1 +a2
3 3 r P r
limit as s; 7 55" s3

, and we obtain the intersection numbers,

< 70,41 70,g2 T0,p—2—q1—g2 > g—0= 1 (A.7)
This is related to the property of ring correlators found in [4]

< 70,41 70,g2T0,q3 > g=0= g1 +qo+qs,p—2 (A.8)

which is important for the chiral ring theory and superconformal theory for the primary
fields. From this result, the generating function F' is obtained as

F= Z < 70,41 70,427T0,g3 > g=0 10,9170,02%0,45 + o(t) (A.9)
and the superpotential W can be constructed from the structure constants Cj;, defined by
PF
Cijk = ————— A.10
IR 0t0t0t, (A-10)
where we put
ti=toi—1, (@E=1,...,p—1) (A.11)

If we consider only primary field, neglecting gravitational descendants, we only need
the terms [ [, to.m. When we consider this primary field, in the genus zero case, we obtain
therefore, for instance for p=>5,

1 4
3|t0 1+ O(tY) (A.12)
and the structure constants become Ci14 = Choz = Ca99 = 1 for p=>5 case.

1
F= itaoto,s +to,0to,1t0,2 +
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B The n-point correlation function for n > 4

The calculation of the n-point correlation function U(sy, ..., s,) at edge singularities follows
the same steps as for the n=2 and 3 cases. For the discussion of the higher chiral ring
structure, we need more than three points, and thus we consider n>4.
One of the longest cycle terms in the determinant for the four point correlation function
U(s1, s2, 83, 84) 18
1

12023034041 = (a12 + azs)(ass + aa1)
81+ S2 + S3+ s4

1 1
5 : _ ' (B.1)
up —ug + 5(s1+2s2 +83)  up —uz — 5(s1+ 284 + 53)

with )
a;; = B.2
K ui—uj—l—%(si—i-sj) ( )

This term can be expressed by the integrals,

2 > 1
_ drdud 71’(“17'&3)75(52784)1’
2a23stan §1+ S2+ S3+ sS4 / rayeze

1
xsinh <§1‘(81 + 59 4 83 + 34)>
1 1
X [exp <—§y(81 + s9) — 52(53 + 84) — w1y + yuo — zuz + ZU4>

1
—z(s1 4 s4) — w1y + yug — zug + ZUI)

—i—exp ——=y(s1 + s2) —
2@/ 1 2 92

1 1
+exp <—§y(82 + s3) — 52(83 + s4) — ugy + yus — zuz + ZU4>
1 1
+ exp —§y(52 + 83) — 52(51 + 84) — U2y + yus — 2us + zuy (B.3)
Using the same change of variables and scalings as before, we obtain
U(sy, 89,83, 84) = UL + U U gtV (B.4)
These four terms are given by o = s1 4+ s2 + s3 + 4,

2N’3 » dv;
I _ T .
U' = . <54> /(27T)4sm <2N’ )HG v;)

1 1

1 1 1
o (52— sa)sfa = o o (

s1+82)s5y —
1 1 1
. [ s2\P . [ s1\? . (s3\P
— v —1 | — Yyv1 +yve +1 | — TU3 — 123 +1 | — 204
S1 S3 S4

(B.5)

l
Xexp [— S3 + 84) S3 2
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ON® (1) ¥ dv; r = :
7 _ [ P .
Ut = ~ < > / (2ﬂ)4s1nh <—2N/81 0) I |G(vl)

54 i=1
1 1 1 % 1 %
X exp [— 2N’(82 — S4)S{ T — 2N’(81 + s9)s5y — W(sl + 54)55 2
1 1 1 1
— v —1 | — yvi+1 | — ZU1+ wvgt+1 | — TU3— 1| — 24
S1 S1 S3 S4
(B.6)
= — — m S; 0 V;
o \s4 (2m)4 2N/ L
1 1 1 1 1 1
X exp [—W(SQ — S4)S{ T — W(SQ + s3)s5y — W(s;», + 54)55 2
1 1 1
— 1TV, — WU +1 | — V3T — 1203 +1 | — yvg +1 | — 204
53 53 S4
(B.?)
v 2N? (1 » dv; = . 4G
o =2 (5) [ (st et
1 1 1 1 %
X exp [— 2N’(82 — S4)S{ T — W(SQ + s3)s5y — W(sl + 54)55 2
1 1 1 1
— v+ | — 2V1— Wvgt+1t | — xv3+1 | — yvz—1 | — 24
S1 S3 S3 S4
(B.8)
2 02 7.1 4.1

From U™!, we obtain the term 578583 s, " which gives the intersection number <

70,170,170,p—270,p—2 >>g—=0- In this large N limit, we have

1 1
st \? [ dv; 54 3 LN (22)”
g — <_> /o dacdydz/ (27T)4x- <55fx> . <§838§y> .1 <5_3> Yvs

S4

1
’L.p 83 E
exp |—— v; —wvy 1| — ZV1 — 1Yvg | X
p S1

i

1 1
exp |t| — |xvg+1| — Yyvz — 1 | — 204
53 53 S4

1 1
Expanding the factors expli(2})zvs + i(22)ryvs — i(2)?zv4] we obtain the series of the
intersection numbers for the primary fields in the genus zero case,

(B.9)

< 70,41 70,g2 70,p—q1—g2-+q3 > T0,p—2—q3 ~g=0 (B.10)

where 1,0 = 1,2,..., and g3 = 0,1,2,.... The other three terms U’, Ul and U’V do not

a1+l go+1 1_91ta2—93 1_q3+1
3 P p P P
yeild terms of the type s; " s, " s5 Sy

,25,



For p=2, the term (B.10) does not exist, since 7y ; is not allowed. For higher n-point
correlations (n > 5), there is no correction for the same reason. Therefore, for p=2, the
function F' for the primary field is

1
F= étao (p =2). (B.11)
For p=3, we obtain from (B.10) and (A.8),
1 1
F= itg,oto,l + 5%{1 (B.12)

For p=4, we obtain (B.10) and (A.8),

1 1 1 1
F=_t3t “toots 1 + ati th o+ ———td B.13
5t0,0t0.2 + 5t0.0%0,1 + 1601002 + 3. 5002 ( )
The last term is evaluated from the five point correlation function, which has the form, for
general p,
1 Ma 3+ g getl 3t+a g1
sp "8yt sy Tosyt sy T~ lop-2-gito. 2+ t0p—2—g500, 2401 0,p—2 (B.14)

which leads to the last term in (B.13) for p=4. We have investigated the intersection
numbers of primary fields, but other gravity descendants can be obtained in the same
ways, which would be in factor of ¢, ,, (n # 0).

C Ginzburg-Landau potential for primary fields and Gelfand-Dikii equa-
tion

The structure constant Cjj, defined by (A.10) are obtained from the n-point correlation
function through the intersection numbers with n marked points. In this appendix, we
discuss the relation to the superpotential [4]. Using the notation

ti=toi—1 (i=1,2,...) (C.1)
and the metric 7" = 6,4 p, We define
p—1
CZ]E = Z Cijm??mk. (02)
m=1

In this notation, F becomes, in the p=4 case for instance,

1 1 1 1
F= 575%753 + §t1t§ + Zt%t% + @tg (C.3)
We find that the Witten, Dijkgraaf, Verlinde,@Verlinde relation@[4, 13]

Cii Crmkt = Ci; Crnji (C.4)

holds for the structure constants that we have computed.
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Then the C'ikj have a ring structure,

¢id; =Y Chon  (mod[W'(x))) (C.5)
k
where ¢; is defined by the derivative of the Landau-Ginzburg potential W (z)
ow
;= — C.6
o= (C6)

We have obtained the function F' by the evaluation of the intersection numbers of
primary fields up to the 6-point correlation function. For the p=5 case,

1 1 1
F = 51&%7026073 + to,0to,1t0,2 + 6758,1 + 1

+1t0 182 otos + lt
5toato2tos + ¢
"‘%’%,2 + étaz’fg,:& + %tg,s
This leads to Ca13 = Cy11 = Coog = 1,C224 = t4,Co31 = t3,C232 = 14,Coyq = t3,C334 =
by + 13, Cs33 = 2t3, Cs30 = ty4, Ca1 = tgts, Caug = t3, Caaa = 13 + 3, Cuzq = 2t3t4.
The ring structure (C.5) holds with

2,2

10,1103
3, 1o

01to2 + 5t0,1%0.2%0,3

(C.7)

1
W(z) = gr” — tyx® —t3a® + (13 — to)x + (t3tg — t1) (C.8)
The function ¢; is
ow
;= — C.9
¢ at, (C.9)

and the equation of the ring structure (C.5) holds with modW’(z) = mod[z* — 3322 —
2t3 + 14 — tg].

The Landau-Ginzburg potential W in (C.8) is the same as the superpotential of the
twisted N=2 superconformal theory for A4 type. From the singularity theory, this poten-
tial (C.8) is called a swallow tail.

Thus we find that the random matrix theory with an external source for the p-th
critical point gives the Landau-Ginzburg potential of the N = 2 superconformal theory for
the primary fields in the genus zero case. Our integral expression for the n-point correlation
function may be used without difficulties to give the intersection numbers and the gravity
descendants for higher genus.

We note that these algebraic structures reduce to the Gelfand-Dikii equation, which
gives the generalized KdV hierarchies. For instance, in the case p=3, we obtain from our
formulation the Boussinesque equation,

2F  O'F 2<82F>2

—— =0 | = C.10
otg,  Otg, 3\ 0tg, (C.10)

and it’s higher gravitational desendents. This hierarchy can be derived from Gelfand-Dikii
equation [4]. This equation is expressed by [12]

.a@:[

m—+1
n—+ —

Qy

Crm (C.11)

Q| NG
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which is the generalization of Lax equation. The Q is given

p—2
Q=D"-> u(x)D (C.12)
i=0
and the fraction power of @ is
Q7 =D+ wD" (C.13)
i>0

From this formulation, we obtain the relation to F' as

PF
atO,Otn,m

+1

—Clymres (Q”+T> (C.14)

where

_1\n,n+1
C, = (=1)"p

M (m+ D) +mA1) - (pn+m+1) (C.15)
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